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Abstract
Motional control of mechanical resonators is crucial for their
applications. In particular, cooling the mechanical mode to
overcome the thermal noise has been greatly explored, and has
recently been pushed into the quantum regime. In this thesis, we
study an almost-forgotten cooling technique: resistive cooling
with an artificial cold resistor (ACR) which is physically at room
temperature. We perform a proof-of-principle demonstration to
cool a mechanical mode of a quartz crystal with a “cold” resistor.
The “cold” resistor is realised either by a normal resistor cooled
by liquid nitrogen or by an ACR made of a special circuitry. We
show that the ACR can cool the mode in the same way as a real
cold resistor, and the cooling mechanism can be qualitatively
understood in the basic thermodynamic picture. We also discuss
the feasibility of applying such resistive cooling to an
optomechanical system, with a nested trampoline resonator.
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Chapter1
Introduction
1.1 Cooling mechanical resonators
Mechanical resonators are everywhere, from skyscrapers to cellphones.
For example, the perceivable time for most people is defined by mechan-
ical resonators: quartz crystal oscillators serve as the clock in every piece
of electronics that tells time. In many applications, mechanical resonators
are superior because of their high quality factors and small sizes thanks to
micro- and nano-fabrication technologies. Mechanical resonators are also
important subjects in scientific research. In particular, cavity optomechan-
ics (Figure 1.1) – the study of the mechanical resonance interacting with an
optical resonance – has been a fast-growing field for fundamental physics,
sensing technologies, and quantum information processing [1]. It even
allows us to push the mechanical degree of freedom into the quantum
regime, realising a “macroscopic” quantum state (like a Schro¨dinger’s cat).
It is a promising scheme to study quantum decoherence and quantum-to-
classical transition [2–4].
Both fundamental studies and applications of mechanical resonators
rely on the control of their motions. In precision measurements, or in the
experiments approaching the quantum regime, the thermal noise (Brown-
ian motion) of the mechanical mode is a major obstacle. Therefore, cool-
ing mechanical resonators has been extensively attempted, dating back to
the cold-damping technique in the 1950s [5], which aimed at reducing the
Brownian motion of an electrometer to improve its measurement preci-
sion. The cold-damping is in essence a feedback control of the motion,
where the feedback force on the mechanical resonator is proportional to
its velocity, acting as a drag to dissipate energy from the thermal motion.
A later version – the optical cold-damping – uses radiation pressure as the
1
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Cavity
Mechanical
Resonator
Figure 1.1: Classic cavity optomechanical system.
feedback force [6, 7], and it started the race to enter the quantum era – to
cool a micro-scale mechanical resonator (e.g., a cantilever) to its ground
state. More recently, the ground-state is reached in several optomechani-
cal systems [8, 9], where the feedback loop is implicitly established by the
interaction with the cavity field. However, the principles of cooling are the
same: a drag force dissipates the thermal energy to a cold bath.
Moreover, there is an overlooked technique: the resistive cooling ex-
plored in the early experiments for gravitational wave detection 40 years
ago [10]. A simple cold resistor was used to dissipate the thermal energy of
a ton-scale mechanical resonator, and the resistor could also be artificially
cold [11]. Unfortunately, they have been rarely studied ever since. We are
attracted by the simplicity of this approach, and in this thesis, we study the
resistive cooling with an artificial cold resistor (ACR), looking for possibil-
ities to cool a miniature mechanical resonator. Although it would not be
a candidate for ground state cooling, it might be an important tool resolv-
ing experimental challenges. Particularly, opening an electrical access to
control the motion of an “massive” (compared to those reached quantum
ground state) optomechanical resonator, would be very interesting for the
yet-challenging ground-state cooling experiments. A practical example is
discussed in Chapter 4.
1.2 Basic concepts of cooling and damping
A mechanical mode is always in some “thermal contact” with its environ-
ment, which has a well-defined temperature. If there is only one bath,
thermal equilibrium is always established – the assumption of detailed
balance of energy transfer. The mechanical mode temperature is defined
to be the same as the bath temperature. In case there is coupling with mul-
tiple baths, we can always imagine that the thermal equilibrium is estab-
lished with a single bath, which defines the effective temperature. This is
possible because of the fluctuation-dissipation theorem (FDT) [12], which
allows the definition of temperature in thermal equilibrium via the ther-
2
1.3 Thesis overview 3
mal fluctuation.
We have been talking about cooling with a drag force (proportional
to the velocity), but it deserves some attention. The drag force only pro-
vides a dissipation channel, or damping of an oscillator. But according
to the FDT, the thermal equilibrium is precisely established by the damp-
ing – the dissipation channel is bidirectional (with the bath). Note that
the damping we apply, via optical field (in optomechanics) or feedback (in
cold-damping), is not to establish thermal contact with the environment,
but with a cold bath! Here, “cold” or “hot” is defined by the fluctuation
(or noise). The coherent optical field, or the feedback signal, can be ex-
tremely “cold” (noise-free) compared to the thermal environment of the
mechanical mode, this is the reason that the mode can be cooled. After all,
it is all about thermodynamics, and cooling always needs a cold bath. We
will further clarify these basic concepts in Chapter 2.
In the end, it is worth mentioning a similar resistive cooling method
in trapped ions [13], using merely a resistor at room temperature. This is
possible because the ions are extremely “hot” compared to the laboratory
environment (the resistor temperature). When we try to resistively cool a
mechanical resonator at room temperature, a “cold” resistor is essential.
Moreover, here we aim for a resistor physically at room temperature, but
appeared much colder (in terms of noise)!
1.3 Thesis overview
This project aims to assess the feasibility of electrical resistive cooling of
a mechanical resonator, with an artificial cold resistor (ACR). From the
experimental point of view, a combination of cooling techniques, includ-
ing resistive cooling, cold-damping, and optomechanical cooling, might
be necessary for eventually reaching the ground state of a “massive” me-
chanical resonator. In particular, a nested trampoline resonator (Chapter
4), where the outer-resonator serves for vibration isolation, might benefit
from the resistive cooling of the outer-resonator via capacitive coupling.
We first demonstrate a proof-of-principle experiment, where the mechani-
cal mode is a vibrational mode of a quartz crystal bar, and the piezoelectric
coupling allows resistive cooling with a “cold” resistor, including an ACR.
In this report, Chapter 2 provides the theoretical background of damp-
ing and cooling of a harmonic resonator, in both mechanical and electrical
models. It also explains the principles of an ACR. In Chapter 3, We de-
scribe the experiment of resistive damping and cooling of a quartz crystal
resonator, showing the working and our understanding of the ACR. In
3
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Chapter 4, we discuss the prospects of introducing electrical coupling to
the mechanical mode of a nested trampoline resonator, and the prospects
of applying resistive cooling or cold-damping.
4
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Background
2.1 Damping and cooling
2.1.1 Fluctuation-dissipation theorem
In his 1905 seminar work, Einstein linked an object’s Brownian motion in
liquid to the drag it experiences in the liquid. In general, the fluctuation-
dissipation theorem (FDT) states that the thermal excitation by the envi-
ronment (the Brownian motion) and the dissipation by the environment
(the drag) are related (see e.g., [12, 14]). The fluctuation of a physical vari-
able x(t), written in its power spectrum Sxx(ω) ≡ 〈|x(ω)|2〉, is given by
Sxx(ω) =
2kBT
ω
=[χ(ω)] (2.1)
where χ(ω) is the Fourier transform of the susceptibility (or response) of
x(t), kB is the Boltzmann constant, and T is the temperature of the envi-
ronment. We use <[ ] and =[ ] to denote the real part and the imaginary
part, respectively.
As detailed balance is assumed in the FDT, the system is regarded as
being in thermal equilibrium with a bath at temperature T. On the other
hand, we can define a temperature of the system by its thermal fluctuation
spectrum.
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2.1.2 Examples
The first example is the damped harmonic oscillator – say, a mass on a
spring in a viscous medium. The equation of motion is
x¨ + 2γx˙ +ω20x = F(t)/m (2.2)
with mass m, damping rate γ, resonance frequency ω0/2pi, and external
force F. The solution in the Fourier domain, x(ω) = χ(ω)F(ω), gives the
susceptibility χ,
χ(ω) =
1
m(ω20 −ω2 − 2iωγ)
(2.3)
We will use i =
√−1 throughout the thesis. According to the FDT, the
spectrum of the oscillator’s Brownian motion at temperature T is given by
Sxx(ω) =
2kBT
mω
=
[
1
ω20 −ω2 − 2iωγ
]
(2.4)
For weak damping γ  ω0, Sxx is sharply peaked around ω ≈ ±ω0. We
show that either peak (e.g., the positive one),
S˜xx(ω ≈ ω0) ≈ 2kBTmω =
[
2ω(ω0 −ω) + 2iωγ
|2ω(ω0 −ω)− 2iωγ|2
]
≈ kBT
mω20
γ
(ω−ω0)2 + γ2 (2.5)
has a Lorentzian profile. Integration over all frequencies gives the mean-
square displacement 〈x2(t)〉 of the Brownian motion,
〈x2(t)〉 = 2
∫ ∞
0
dω
2pi
S˜xx ≈ kBTmω20
∫ ∞
−∞
dω′
pi
γ
ω′2 + γ2
=
kBT
mω20
(2.6)
where ω′ ≡ ω − ω0. Note that we have recovered the equipartition theo-
rem:
1
2
mω20〈x2(t)〉 =
1
2
kBT (2.7)
We can attribute the Brownian motion to some fictitious random force
f , given by 〈|x(ω)|2〉 = |χ(ω)|2 〈| f (ω)|2〉. We have
〈| f (ω)|2〉 = 2kBT
ω
=[χ(ω)]
|χ(ω)|2
=
2kBT
ω
=
[
1
χ∗(ω)
]
= 4kBTmγ (2.8)
6
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Table 2.1: Equivalence between mechanical and electrical harmonic resonators
Translational mechanical oscillator Series RLC circuit
Position x Charge Q
Mass m Inductance L
Damping c = 2mγ Resistance R
Spring constant k Elastance 1/C
Driving force F Voltage V
Differential equation
mx¨ + cx˙ + kx = F LQ¨ + RQ˙ + Q/C = V
which is a white noise determined by the damping.
Although the noise force from the environment that generates the Brow-
nian motion is dictated by the damping rate γ, the mean-square thermal
fluctuation 〈x2(t)〉 does not depend on the damping. In other words, if
one wants to reduce the Brownian motion of an oscillator, it is the temper-
ature of the bath into which the oscillator is damped that matters. Simply
changing the damping will not cool or heat the oscillator, as one might
naively think.
Another example of the FDT is the thermal noise in electric circuits.
For an open circuit with impedance Z(ω), the charge Q and voltage V at
the ends are related by Ohm’s law: Q˙ = V/Z, which in the frequency
domain reads −iωQ(ω) = V(ω)/Z(ω). As Q is the counterpart of the
displacement x in harmonic oscillators, V acts as the external force, we
have the response of the system χ in Q(ω) = χ(ω)V(ω). It gives χ(ω) =
i/(ωZ(ω)). Therefore according to Eq. 2.1, the fluctuation spectrum Sxx,
now 〈|Q(ω)|2〉, reads
〈|Q(ω)|2〉 = 2kBT
ω
=
[
i
ωZ(ω)
]
(2.9)
Accordingly, the noise force is the voltage noise,
〈|V(ω)|2〉 = 〈|Q(ω)|
2〉
|χ(ω)|2
=
2kBT
ω
=[iωZ∗(ω)] = 2kBT<[Z(ω)] (2.10)
Note that the experimentally measured spectrum per unit frequency is
2〈|V(ω)|2〉, which includes the negative frequencies. In the time domain
this means a root-mean-square (rms) voltage V2rms = 4kBT<[Z]∆ν, with ∆ν
the bandwidth of the measurement. This is the famous Johnson-Nyquist
noise.
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2.1.3 Cooling with cold baths
We have seen that damping plays a central role in the FDT: it governs how
the system dissipates energy to its environment, and at the same time how
the environment excites the system via noise forces. Now we consider a
harmonic oscillator coupled to two thermal baths with temperature T1 and
T2 via different damping channels with damping rate γ1 and γ2, respec-
tively. Assuming detailed balance is established between the system and
the two baths respectively, the FDT gives the noise forces from the two
baths
〈| f1(ω)|2〉 = 4kBT1mγ1 (2.11)
〈| f2(ω)|2〉 = 4kBT2mγ2 (2.12)
Going back to the equation of motion, we have
x¨ + 2(γ1 + γ2)x˙ +ω20x = f1(t)/m + f2(t)/m (2.13)
We can define a temperature with which the system is in thermal equi-
librium according to the FDT, i.e., satisfying
〈| ftot(ω)|2〉 = 4kBTsysmγtot (2.14)
with γtot = γ1 + γ2, and 〈| ftot(ω)|2〉 = 〈| f1(ω)|2〉+ 〈| f2(ω)|2〉 for uncor-
related noise forces. We arrive at
Tsys =
γ1T1 + γ2T2
γ1 + γ2
(2.15)
This effective temperature determines the real Brownian motion through
mω20〈x2(t)〉 = kBTsys. Therefore, suppose the bath at T1 is the original en-
vironment. The Brownian motion 〈x2(t)〉 = kBT1/mω20 can be reduced
by introducing extra damping to a bath at lower temperature T2 < T1.
Or in a simple thermodynamic picture (Figure 2.1), the system is origi-
nally in thermal equilibrium with bath T1, we can cool the system by some
thermal contact with a colder bath at T2. The final system temperature is
determined by the thermal conductivities with the two baths.
We give a direct analogy in electric circuits. An impedance Z1 at T1
generates noise voltage 〈|V1(ω)|2〉 = 2kBT1<[Z1(ω)]. Consider another
impedance Z2 at T2 connected in series (Figure 2.2), which generates noise
8
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 
T  T 
Tsys
Environment
Resonance
Cold bath
Figure 2.1: Simple picture of coupled baths. The system is in “thermal contact”
with two baths via the damping rates. If the bath at T1 is the physical environ-
ment, coupling the system to a colder bath T2 < T1 can “cool” the system, origi-
nally at T1.
Z 
T 
V  Z 
T 
V 
Figure 2.2: Two impedances at different temperatures in series.
〈|V2(ω)|2〉 = 2kBT2<[Z2(ω)]. The total noise is the sum of the noise volt-
ages,
〈|Vtot(ω)|2〉 = 〈|V1(ω)|2〉+ 〈|V2(ω)|2〉
= 2kB
(
T1<[Z1] + T2<[Z2]
<[Z1 + Z2]
)
<[Z1 + Z2]
≡ 2kBTsys<[Ztot] (2.16)
where
Tsys =
<[Z1]T1 +<[Z2]T2
<[Z1] +<[Z2] (2.17)
is the system temperature, in the same form as Eq. 2.15.
2.1.4 Experimental realisations
In this section, we give two examples of coupling a mechanical resonator
to a second bath. They have been extensively studied both theoretically
and experimentally in order to control the motion of a mechanical res-
onator.
9
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Capacitive electro-mechanical coupling
Consider a charged parallel-plate capacitor. If one of the capacitor plates
can vibrate, changing the distance between the plates, it will couple the
displacement to the fluctuation in electric charge. Such structures are
widely used in electro-mechanical transducers, such as condenser micro-
phones. The mechanical motion can not only be measured via the trans-
duction, but also be damped or cooled as it couples to an electric bath,
possibly at lower effective temperatures. Cooling such a mechanical res-
onator has been extensively demonstrated using either dissipation in a
“cold” electric bath (resistive cooling [10]), or low-noise active feedback
(cold damping [5]). Here we briefly formulate the damping of a mechani-
cal resonator to an electric bath by capacitive coupling.
There is an electrostatic force on the oscillating capacitor plate when
it moves x away from the equilibrium position x0 due to changes in the
potential energy UQ of the capacitor. This force is given by
FQ = −
∂UQ
∂x
= − ∂
∂x
Q2
2C
(2.18)
where the capacitor has a capacitance C, and carries charge Q. We make a
Taylor expansion of Q = Q0 + q, and C ≈ C0 + C′x + C′′x2/2, and keep
the first order in the expansion of FQ:
FQ ≈ (Q0 + q)
2(C′ + C′′x)
2(C0 + C′x + C′′x2/2)2
≈ 1
2
V20 C
′ + V0C
′
C0
q +V20
(
2C′′ − C
′2
C0
)
x (2.19)
with V0 = Q0/C0. We will ignore the first term as a static force will end up
redefining the equilibrium position x0. We then relate q and x according
to the electric circuits connected to the capacitor (Figure 2.3). Apart from a
DC voltage source that supplies V0, we consider only a passive impedance
Z in series. The voltage drop across the impedance is ZI = Zq˙. Kirchhoff’s
voltage law gives
Q
C
−V0 + Zq˙ ≈ Q0 + qC0 + C′x −V0 + Zq˙ = 0
⇒ ZC0q˙ + q = V0C′x (2.20)
Solving the equation in the frequency domain,
q(ω) =
V0C′
1− iωZC0 x(ω) (2.21)
10
2.1 Damping and cooling 11
C Z
V 
x
Figure 2.3: Schematics of capacitive electro-mechanical coupling.
We put the electric force FQ into the equation of the harmonic oscilla-
tions of the plate (Eq. 2.2), and write in the Fourier domain
−ω2x− 2iωγx +ω20x =
V20 C
′2
mC0
x
1− iωZC0 +
V20
m
(
2C′′ − C
′2
C0
)
x (2.22)
The real part of the right-hand-side (RHS) terms (∝ x) induces a frequency
shift of the resonance. However, we are interested in the extra damping of
the resonance (∝ iωx), which lies in the imaginary part. We separate the
real and imaginary parts of the RHS terms
RHS = iω
V20 C
′2<[Z]
m(1+ω2C20 |Z|2)
x +
V20 C
′2
mC0
(
1+ωC0=[Z]
1+ω2C20 |Z|2
+
2C0C′′
C′2
− 1
)
x
The extra damping is the first term, proportional to 2iωx.
δγ ≈ V
2
0 C
′2<[Z]
2m(1+ω2C20 |Z|2)
(2.23)
It is always positive, and proportional to <[Z] – the dissipation by the cir-
cuit. We will see that indeed the mechanical resonator is coupled to the
thermal bath of Z via δγ as in the two-bath picture (Figure 2.1). The tem-
perature of Z, T′, determines the thermal noise, or vice versa. We include
the thermal noise of Z by adding a noise voltage Vn into the equation of
motion of the charge (Eq. 2.20). The charge (in the Fourier domain) is now
given by
q(ω) =
V0C′x(ω) + C0Vn(ω)
1− iωZC0 (2.24)
Note that 〈|Vn(ω)|2〉 = 2kBT′<[Z]. We have an extra noise force fn, orig-
inating from Vn, in the equation of motion of the resonator (Eq. 2.22). fn
has a spectrum
〈| fn(ω)|2〉 = V
2
0 C
′2〈|Vn(ω)|2〉
1+ω2C20 |Z|2
≈ 4kBT′mδγ (2.25)
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Indeed the noise from the electric circuit is related to the extra damping
to the electric circuit, by the FDT (see Eq. 2.8). We can directly follow the
results in Section 2.1.3 to see that if the environmental temperature is T0,
the effective temperature Tm of the mechanical mode satisfies
Tm =
γT0 + δγT′
γ+ δγ
(2.26)
It can be cooled if T′ < T0. We will see that T′ can be low either if the
impedance Z is physically cold, or if it is only electrically cold, such as an
artificial cold resistor (Section 2.2.1).
Optomechanical coupling
Radiation pressure of light can also exert forces on a reflective mechani-
cal oscillator. If the mechanical motion is detected, and the velocity is fed
back with a proper phase to modulate the intensity of a force on the os-
cillator (e.g., by a laser), the Brownian motion of the oscillator can also be
reduced, provided that the feedback loop does not introduce excess noise.
It is known as the optical cold-damping method [6, 7]. Such a feedback
loop can also be implicitly realised by the dynamic back-action in cavity
optomechanical systems (Figure 1.1). A driven optical field, if properly
red-detuned, effectively exerts a delayed driving force on the mechanical
resonator with respect to its oscillation. Therefore the resonator is damped
by the light and hence coupled to a bath defined by the optical field, which
is essentially noise-free compared to the thermal environment. For details
about the optomechanical coupling and the optical damping, we refer to
[1].
2.2 Artificial cold resistor
An artificial cold resistor (ACR), or artificial cold load, is a resistive ele-
ment that “looks” colder than a normal resistor of the same resistance at
the same temperature. In other words, it has a Johnson noise that corre-
sponds to an effective temperature lower than the physical temperature.
This idea was conceived by Percival in 1939 [15], and has been applied
in practice, for example in the radiometers in microwave circuits (see e.g.,
[16]). Without any mystery, the lower noise is achieved by feedback, in the
simplest manner.
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Figure 2.4: Basic idea of an artificial cold resistor. a, basic circuit model using an
ideal amplifier, the thermal noise of the resistor is modelled by a voltage source
VR. b, the The´venin equivalent circuit between the input nodes – a resistor Reff =
R/(1+ G) and a noise voltage source equal to V1.
2.2.1 Principles
Consider an amplifier with negative feedback by a resistor R. We will get
an ACR by looking through the input of the amplifier (Figure 2.4a). To see
this, we derive the The´venin equivalent circuit between the input nodes
(Figure 2.4b), i.e., a resistor Reff with some noise voltage source V1. The
Johnson noise of the feedback resistor R is modelled by a voltage source
VR with rms amplitude of
√
4kBTR∆ν, where ∆ν is the bandwidth under
consideration. Here we assume an ideal amplifier for simplicity, i.e., with
infinite input resistance, zero output resistance, and a real gain G ∈ R
(no phase shift). Therefore there is no current flowing through the ampli-
fier, and V2 = −GV1. Following the recipe for the The´venin circuit (see
e.g., [17]), Reff is the input resistance of the circuit with VR removed, and
the equivalent source is the open-circuit input voltage V1. Consider a test
input current Ii,
Reff =
V1
Ii
=
V1
(V1 −V2)/R =
R
1+ G
(2.27)
As there is no current, resistor R contributes no voltage, we have V1 −
VR = V2. Therefore, (V1 −V2)rms = VR,rms =
√
4kBTR∆ν.
V1,rms =
√
4kBTR∆ν
1+ G
=
√
4kB∆ν
T
1+ G
· R
1+ G
(2.28)
This is the noise of the equivalent circuit, from a resistor Reff,
V1,rms =
√
4kBTeffReff∆ν (2.29)
This means Reff is effectively at a temperature Teff = T/(1+ G)!
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Figure 2.5: A more realistic model of an artificial cold resistor. The voltage noise
and current noise of the amplifier are considered. They are modelled by a voltage
source Vn and a current source In, respectively.
2.2.2 Practical limitations
Despite the simplicity of the idea, it is difficult to achieve cryogenic tem-
peratures in practice. Amplifiers are never perfect, and the noise they pro-
duce essentially limits the lowest achievable effective temperature. The
gain-bandwidth restriction further limits the application in higher frequen-
cies. We include the noise of the amplifier by a current source In and a
voltage source Vn, that are characterised by the power spectral densities
(PSDs) 〈V2n 〉 and 〈I2n〉 in unit bandwidth, respectively (Figure 2.5). Simi-
larly we have
V2 = −GV0 = V0 −Vn −VR − InR (2.30)
V1 = V0 −Vn = VR1+ G −Vn
G
1+ G
+ In
R
1+ G
(2.31)
Assuming that the noise sources are uncorrelated,
V21,rms =
4kBTR∆ν
(1+ G)2
+ 〈V2n 〉∆ν
G2
(1+ G)2
+ 〈I2n〉∆ν
R2
(1+ G)2
= 4kB∆ν
R
1+ G
[
T
1+ G
+
〈V2n 〉G2
4kBR(1+ G)
+
〈I2n〉R
4kB(1+ G)
]
(2.32)
where again we regard the noise of the ACR V1,rms as the Johnson noise of
Reff = R/(1 + G), the effective temperature is given by the terms in the
brackets
Teff =
T
1+ G
+
1
4kBR
〈V2n 〉G2 + 〈I2n〉R2
1+ G
(2.33)
Clearly, there is a minimum Teff, with respect to either G or R for given
〈V2n 〉 and 〈I2n〉. However, we are interested in Reff, which determines the
14
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ACR’s capability to dissipate energy. Therefore, we look for the optimal
Reff,opt to obtain the minimal Teff, given by the condition
∂Teff
∂Reff
≈ 〈I
2
n〉R2eff − 〈V2n 〉
R2eff
= 0 (2.34)
where we have assumed G  1. Thus
Reff,opt =
√
〈V2n 〉
〈I2n〉
(2.35)
Note that it does not explicitly depend on G, but G and R are mutually
restricted by Reff. The minimal temperature is
Teff,min ≈ TG +
√〈V2n 〉〈I2n〉
2kB
(2.36)
Usually the second term dominates, i.e., the noise power of the amplifier
determines the minimum noise temperature of an ACR.
However, to cool something with an ACR, we want the extra dissipa-
tion into the resistor (extra damping δγ, recall Eq. 2.26) as large as possible,
provided that it is still colder. For a given gain, large Reff means large R,
which will magnify the current noise of the amplifier and increase Teff (see
Eq. 2.33). For example, we consider a system linearly coupled to an ACR,
similar to that in Section 2.1.4. The extra damping δγ = AReff, with A
some arbitrary factor, yields the mode temperature
Tm =
γT0 + δγTeff
γ+ δγ
≈ 1
γ+ AReff
[
γT0 + AReff
(
T0
G
+
〈V2n 〉
4kBReff
+
〈I2n〉Reff
4kB
)]
(2.37)
where γ is the intrinsic damping and we assume the ACR shares the same
environment temperature T0. To find the optimal cooling, ∂Tm/∂Reff = 0
gives
Reff,opt ≈
√
γ2
A2
+
〈V2n 〉
〈I2n〉
+
4kBT0γ
A〈I2n〉
− γ
A
(2.38)
which is larger than the optimal resistance giving the lowest Teff, as one
will expect. Later we will use this to estimate the optimal ACR to cool a
mechanical resonator in realistic systems.
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Chapter3
Demonstration of resistive cooling
with artificial cold resistors
As shown in Chapter 2, a cold bath that couples to a harmonic resonator
can reduce the Brownian motion of the resonator, i.e., “cool” the resonator.
An artificial cold resistor (ACR) can serve as a cold bath, and it is attractive
due to the practical simplicity. Although such resistive cooling has been
demonstrated nearly 40 years ago [10, 11], it has been rarely studied ever
since. The practical difficulties of applying this idea to a different system
at a different scale (frequency, size, mass, etc.) are not clear. In this chapter,
we demonstrate cooling of the mechanical motion of a quartz crystal with
an ACR. The idea stems from the simplicity of measuring the mechanical
motion electrically, due to the piezoelectricity of quartz – the mechani-
cal vibration of a quartz crystal induces oscillations of charges which can
be picked up by electronics. In this experiment, we target on cooling a
specific mechanical mode of the crystal. Therefore, we look at the thermal
fluctuation (noise) of this mode, which is measured via the electrical noise.
The simplicity in experiments comes with a price – the interpretation of
the measurement is more complicated. The measured noise is a mixture of
the noise originating from the Brownian motion of the crystal and the ther-
mal noise of the circuit itself. To verify the cooling effect, we summarise
the experiments in the following steps:
1) From the measurement setup we analyse the noise sources of the
measured noise (Section 3.2). The mechanical mode of the crystal is mod-
elled by an electrical resonance RLC circuit (Section 3.3.1).
2) We introduce extra damping to the crystal with resistors at room
temperature (Section 3.3.2). The linear relation between the extra damping
and the added dissipation agrees with the circuit model of the system.
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And as expected from the two-bath picture (Figure 2.1), the mechanical
mode stays hot (room temperature) as the second bath (the resistors) is at
room temperature.
3) We make the second bath cold by cooling the resistors with liquid
nitrogen (Section 3.3.3). First, the cold bath temperature (low electrical
noise) is verified by noise measurement of the resistors. When the crystal
is coupled to the cold resistor, the mechanical mode is damped and cooled,
in agreement with the two-bath model.
4) We realise the cold resistor with ACRs. The simple circuit model
used for designing the ACR cannot fully predict the characteristics of the
ACR. The effective values of the ACR are hence verified by noise measure-
ments (Section 3.3.4). Finally the crystal mode is cooled by the ACR (Sec-
tion 3.3.5). The damping and the mode temperature qualitatively agree
with the measured characteristics of the ACR, in the two-bath picture.
3.1 Experimental setup
3.1.1 Quartz crystal bar
We use a quartz crystal bar in a vacuum tube as our mechanical resonator.
It probably served as a 10 kHz frequency standard in the early days, there-
fore, we focus on the 10 kHz resonance. The crystal is special for it has four
electrodes (Figure 3.1a), forming two capacitors coupled to the crystal (C1
and C2). Originally, connecting the two capacitors conversely (connecting
1 with 4, and 2 with 3, as denoted in Figure 3.1b) maximises the coupling
to the 10 kHz mode, but we benefit from the fact that the two capacitors
independently couple to the resonator. This is crucial as we want to both
influence and measure the mechanical resonance electrically. We will use
one capacitor (C2) to modify the mechanical resonance, while the other
(C1) monitors the changes.
The piezoelectric quartz near its resonant frequency can be modelled
by the classic Van Dyke equivalent circuit (Figure 3.2, see e.g., [18]). The
impedance of the crystal is measured via the diagram shown in Figure
3.3a, driving only C1. The measured impedance (Figure 3.3b) is fitted
with the equivalent circuit, giving Lm ≈ 1.59 × 105 H, Rm ≈ 246 kΩ,
Cm ≈ 1.59 fF, and C1 ≈ 6.41 pF. Note that at the “series resonance”
ωs = 1/
√
LmCm ≈ 10.0031 kHz, the crystal has a minimal impedance, and
at the parallel resonance ωp =
√
(Cm + C1)/(LmCmC1) ≈ 10.0035 kHz,
the impedance of the crystal is at its maximum.
We will be mostly interested in the mechanical quality factor Qm and
18
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Figure 3.1: Quartz crystal bar. a, photograph of the quartz crystal bar used in this
experiment. There are 4 electrodes. b, schematics of the electrodes. Connecting 1
with 4, 2 with 3, maximally couples to the 10 kHz flexure mode. But we use the
two capacitors separately, denoted as C1 and C2.
Lm Rm Cm
C 
Figure 3.2: Van Dyke model of quartz near resonance.
the mechanical damping rate γ:
γ =
Rm
2Lm
≈ 0.773 s−1, Qm = ωs2γ =
1
Rm
√
Lm
Cm
≈ 4.06× 104 (3.1)
given by the equivalent circuit elements. Note that they do not depend on
the capacitance of the electrodes C1. They are intrinsic mechanical proper-
ties of the crystal bar.
3.1.2 Electronic circuits for noise measurement
In order to measure the electrical noise of the crystal, we load C1 with
a large impedance ZL (this is later varied) and measure the voltage across
the impedance with a chain of amplifiers (Figure 3.4). The 1× pre-amplifier
is a MOSFET op-amp (LMP7721) with very low noise and the main am-
plification is done by 3 op-amps in series (OP467), each with 10× voltage
gain. The quartz crystal and the measurement circuits sit in separate sec-
tions of a metal box, which serves as the signal ground and provides elec-
trical shielding (For the complete diagram in the box, see Appendix A).
A BNC cable guides the amplified signal into a Zurich Instrument digital
lock-in amplifier as a spectrum analyser. There, the AC signal is demod-
ulated at 10 kHz and low-pass filtered with a bandwidth of 20 – 100 Hz.
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Figure 3.3: Measurement of the crystal impedance. a, measurement circuit. The
crystal is driven by a sinusoidal signal V0 at frequencies near 10 kHz. At each
frequency, the amplitude and phase of V1 is measured with an oscilloscope probe.
b, measured transfer function (V1/V0) versus frequency near the resonance. It is
fitted with the Van Dyke model.
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Figure 3.4: Noise measurement setup.
Finally, fast Fourier transform (FFT) of the signal is performed and aver-
aged.
3.2 Noise sources
The Brownian motion of the crystal at 10 kHz – our target mode – gener-
ates noise voltage across ZL. However, other sources of noise also con-
tribute to the noise we measure, at the same level as the target signal.
Therefore it is important to understand the noise sources in order to dis-
tinguish the mechanical thermal noise.
3.2.1 Thermal noise (Johnson noise)
Electrically, the mechanical resonance is fully modelled by the equiva-
lent circuit (Figure 3.2), including the thermal noise governed by the FDT.
Therefore, the electrical noise originating from the mechanical thermal
noise is equivalent to the Johnson noise of the equivalent circuit. In essence,
we measure electrically the noise voltage spectrum of the equivalent cir-
cuit, corresponding to measuring the noise force spectrum of the mechan-
ical resonator (recall Table 2.1). Hence it is worth noting that the measure-
ment will differ from the more familiar Lorentzian noise spectrum.
The electrical impedance of the crystal, Zq, is that of the equivalent
circuit (Figure 3.2). We ignore C2 (e.g., shorted) and measure via C1.
Zq = Zm
∥∥∥ 1
iωC1
=
Zm
iωZmC1 + 1
(3.2)
where
Zm = iωLm + Rm +
1
iωCm
(3.3)
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Figure 3.5: Circuit model of the noise measurement. a, the Johnson noises of
dissipative elements are modelled by noise voltage sources. For examples, that of
Zm has a PSD of 4kBTm<[Zm] = 4kBTmRm, denoted as Tm for short (same in later
figures). b, the Norton equivalent circuit of a, replacing noise voltage sources by
current sources to add them up. We also include the current noise of the amplifier
as explained in Section 3.2.2.
is the mechanical impedance and ‖ denotes “in parallel”. We will always
express the impedance in the frequency domain with real frequency ω.
The Johnson voltage noise PSD is given by 4kBTm<[Zq], with Tm the mode
temperature being our main interest in assessing the cooling of the me-
chanical resonance.
On the other hand, the input impedance ZL also gives thermal noise
with voltage PSD of 4kBT0<[ZL], where T0 ≈ 290 K as the electronics are
at room temperature. Therefore, the total thermal noise comes from the
entire circuit, ZL in parallel with Zq (Figure 3.5a).
To see how the thermal noise of Zq and ZL adds up, we write down the
Norton equivalent circuit where the noise voltage sources are replaced by
noise current sources (Figure 3.5b, see e.g., [17]).
〈I2m〉 = 4kBTm<[
1
Z∗q
] =
4kBTmRm
|Zm|2
(3.4)
〈I2L〉 = 4kBT0<[
1
Z∗L
] (3.5)
written as PSD. They are uncorrelated and directly add up, giving the total
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thermal noise voltage PSD of the circuit
〈V2th〉 =
(
〈I2m〉+ 〈I2L〉
) ∣∣∣∣ ZqZLZq + ZL
∣∣∣∣2 (3.6)
Obviously, ZL strongly affects the measured noise spectrum. In this ex-
periment, ZL consists of a large resistor RL in parallel with a capacitor CL,
and some parasitic capacitance CA between the input of the pre-amplifier
and the signal ground.
ZL = RL
∥∥∥ 1
iω(CL + CA)
=
RL
iωRL(CL + CA) + 1
(3.7)
Note that 〈I2m〉 is negligible away from the resonance, so the noise floor
of the noise spectrum is determined by ZL (together with C1). Therefore,
varying ZL not only changes the resonance profile, but also changes the
noise floor. This makes the shape of the noise spectra not so intuitive (see
Figure 3.7). But they resemble the impedance of the crystal (see Figure
3.3b) to some extent: a series resonance (dip), and a parallel resonance
(peak).
3.2.2 Amplifier voltage noise and current noise
The pre-amplifier, with voltage noise and current noise, also contributes
to the measured noise spectra. Although the amplifier’s voltage noise
only adds a featureless noise floor within the bandwidth of the measure-
ment, the current noise generates a noise voltage that is proportional to
the impedance of the input circuit (Zq‖ZL). In other words, the current
noise 〈I2A〉 directly adds up with 〈I2m〉 and 〈I2L〉.
In sum, we model the measured noise PSD as
〈V2tot〉 = Gtot
(
〈I2m〉+ 〈I2L〉+ 〈I2A〉
) ∣∣∣∣ ZqZLZq + ZL
∣∣∣∣2 + Btot (3.8)
where Gtot denotes the overall gain of the entire amplification chain, and
Btot includes all noise sources that are independent of Zq and ZL, including
the voltage noise of the pre-amplifier and other noise introduced in the
later amplification stage.
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3.3 Results
3.3.1 Fitting noise spectra
Recall the noise spectrum of the displacement measurement of a harmonic
oscillator. The mode temperature is simply proportional to the area under
the Lorentzian resonance. However, here we measure the “force” spec-
trum, and there are other prominent noise sources. To extract the charac-
teristics of the mechanical resonance, such as the mode temperature and
the damping rate, we have to fit the measured spectrum with the complete
electric model (Figure 3.5 and Eq. 3.8). There are quite some unknown pa-
rameters, but some of them are not dependent on the crystal and can be
deduced by measuring the noise spectra with the crystal disconnected.
The background PSD Btot can be directly measured with ZL shorted.
Btot = 5.53(1)× 10−10 V2/Hz (3.9)
We will use numbers in parentheses to denote the uncertainties of the last
digit(s).
The overall gain Gtot, the parasitic input capacitance of the pre-amplifier
CA, and the current noise of the pre-amplifier 〈I2A〉 can be fitted from a se-
ries of noise spectra varying ZL (by deliberately changing RL and CL, see
Figure 3.6)
〈V2tot〉 = Gtot
(
〈I2L〉+ 〈I2A〉
)
|ZL|2 + Btot
= Gtot
(
4kBT0
RL
+ 〈I2A〉
) ∣∣∣∣ RLiωRL(CL + CA) + 1
∣∣∣∣2 + Btot (3.10)
We have
Gtot = 7.87(3)× 105, CA = 13.02(3) pF,
〈I2A〉 = 1.696(8)× 10−27 A2/Hz (3.11)
Since the Nelder-Mead search algorithm is used for the fitting procedure,
the reported uncertainties are only estimations of the statistical errors from
the fitting (see Appendix B). The fitted Gtot, CA, and 〈I2A〉, together with the
measured Btot, are used later as known parameters. Note that the uncer-
tainties can be underestimated: they may not fully reveal the systematic
errors in the measurement. After all, this long-averaging noise measure-
ment of very weak signals is sensitive to all kinds of electrical noises and
their slow fluctuations in the environment. Later, the uncertainties of these
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Figure 3.6: Background noise spectra with various ZL. All data are fitted to the
model (Eq. 3.10), which gives the solid curves.
parameters add up with other measurement and fitting uncertainties, re-
sulting in even larger errors.
With the crystal connected via C1 and C2 shorted (Zx = 0), we fit the
noise spectra with the complete model (Figure 3.5 and Eq. 3.8). There are
five fitting parameters: Lm, Rm, Cm, C1, and Tm. There seems to be too
much freedom, so we apply the same trick of varying ZL to improve the
reliability of the fitting (Figure 3.7), i.e., all noise spectra with different ZL
are fitted together sharing the same parameters of the crystal model. In
fact, the parameters are quite bounded. To give an intuition: C1 is deter-
mined by the noise floors; Lm, Rm and Cm are limited by the resonance
frequency and width; Tm is determined by the height of the peaks.
The fitted model reads:
Lm = 1.10(1)× 105 H, Rm = 164(3) kΩ, Cm = 2.30(2) fF,
Tm = 288(6) K, C1 = 8.40(9) pF
The fitting gives a mechanical mode temperature of 288 K, in agreement
with thermal equilibrium at room temperature. This shows the reliability
of the fitting procedure. Such agreement is also confirmed in the next sec-
tion where extra damping is introduced at room temperature. We are also
interested in the quality factor and the damping rate
Qm =
1
Rm
√
Lm
Cm
= 4.21(9)× 104, γ = Rm
2Lm
= 0.75(2) s−1
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Figure 3.7: Fitting the total noise spectra with various ZL. The five spectra are
fitted together with the circuit model (Figure 3.5, Eq. 3.8, 3.4, and 3.5).
It is worth noting that the fitted parameters differ from those from the
response measurement shown in Section 3.1.1. This is due to the influence
of C2. In the response measurement where C2 is open, C2 changes the
impedance Zq seen from the measurement. However, the quality factors
and damping rates – the intrinsic property of the mechanical resonance –
are similar in both cases.
3.3.2 Damping of the mechanical mode
We have modelled the crystal in the simplest way without considering
C2: a single mechanical resonance couples to C1. When we try to modify
the resonance via C2 with impedance Zx, we again use this simple model,
assuming that C1 only sees a modified mechanical resonance but not C2
and Zx. Although crosstalk between C2 and C1 is inevitable, it should not
affect the dissipation character of the mechanical resonator (the damping
rate, which is what we are interested in).
On the other hand, Zx capacitively couples to the mechanical reso-
nance, similar to that in Section 2.1.4. We attribute the change in the damp-
ing rate of the resonance (compared to Zx = 0, measured via C1) to the
extra damping caused by Zx, which brings the resonator in “thermal con-
tact” with the electric bath of Zx (recall Figure 2.1) – a bath now also at
room temperature. We can understand this coupling in the electric model
(see Figure 2.2), with Zm and Zx‖(1/iωC2) in series (Figure 3.8). Note
that we are not trying to include this circuit into the measurement model
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Figure 3.8: Electric model of the modified mechanical resonance. Because of C2
and Zx, we measure a modified resonance Zm via C1. We understand its mechan-
ical character (damping rate and mode temperature) in this picture: the original
Z0m is at T0, it is coupled to the bath of Zx at Tx.
(Figure 3.5). This is merely how we understand the measured mechanical
resonance: the total damping is the sum of the intrinsic damping (propor-
tional to Rm) and the extra damping by Zx (proportional to the real part of
Zx‖(1/iωC2)).
We connect C2 with ordinary resistors (Zx ≈ 75 kΩ, 150 kΩ, 480 kΩ,
and 1 MΩ) and perform the same measurement and analysis as in the
previous section. We focus on the fitted damping rate γ (quality fac-
tor Qm) and mode temperature Tm, ignoring the detailed changes in the
impedances. Indeed, we see increase in γ (decrease in Qm) as the resistance
of Zx increases (see Figure 3.9 for comparisons of selected spectra. All fit-
ted parameters are summarised in Table 3.1). In Figure 3.10 we plot the
damping rate versus <[Zx‖(1/iωC2)] (closed symbols), showing a good
linear relation. This means the coupling can be well understood in the
two-bath picture with the electric model (Figure 3.8). Note that we esti-
mate C2 with the fitted value of C1∗.
For the fitted Tm, we expect to have them all ∼ 290 K. However, for
large Zx, we get a mode temperature significantly higher than room tem-
perature (see Table 3.1). This could be partly due to the larger uncertainty
in the fitting procedure when the signal is lower. There could also be phys-
ical reasons beyond the model when the dissipation is large.
Apart from fitting the damping rate from the noise spectra, we can also
directly measure the energy decay rate in time. We perform a simple ring-
down-type measurement (Figure 3.11). The crystal is monitored via C1,
while driven at 10 kHz via C2. The extra damping (Zx) is also coupled via
C2, and becomes active when the drive is switched off. The damping rate
is deduced from an exponential fit to the decay of the oscillations. How-
∗The piezoelectric couplings via C1 and C2 are almost identical. One evidence is that
when driving the crystal connecting 1 with 2, and 3 with 4 (Figure 3.1b), the 10 kHz mode
is completely suppressed.
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Figure 3.9: Damping with various Zx. We show the spectra of two ZL values for
clarity. Note that the fitting is performed with five ZL values (as in Figure 3.7) for
each Zx. a, ZL = 47 MΩ. b, ZL = 47 MΩ+ 47 pF.
28
3.3 Results 29
Re[Zx//(iC )2 ] [] × 10
5
0 2 4 6 8
D
a
m
p
in
g
 r
a
te
 [
s
-1
]
1
2
3
4
5 Data ﬁtted with circuit model
Data from ring-down msm't
Figure 3.10: The mechanical damping rate as a function of Zx. The damping
rates are either from fitting the noise spectra (closed diamonds, see Table 3.1), or
from ring-down-type measurements (open squares, see Figure 3.11). Note that
we have assumed a 7 pF parasitic capacitance in the ring-down measurements to
recover a linear relation shown here.
ever, the driving circuit introduces parasitic capacitance in addition to C2.
As a qualitative check, a parasitic capacitance of about 7 pF can recover
a similar linear relation between the damping rate and extra dissipation
(shown in Figure 3.10).
Table 3.1: Fitted crystal model with various Zx at T0
Zx = 0 Zx = ∞ Zx = 75 kΩ Zx = 150 kΩ Zx = 480 kΩ Zx = 1 MΩ
Lm (×105 H) 1.10(1) 1.47(2) 1.136(5) 1.13(2) 1.24(9) 1.3(2)
Rm (kΩ) 164(3) 234(2) 255(3) 322(5) 708(37) 1.2(1)× 103
Cm (fF) 2.30(2) 1.72(2) 2.229(9) 2.25(4) 2.0(1) 1.9(2)
C1 (pF) 8.40(9) 8.4(1) 8.36(8) 8.18(8) 8.3(1) 8.14(9)
Tm (K) 288(6) 288(3) 308(3) 302(5) 330(21) 346(40)
Qm (×103) 42.1(9) 39.6(6) 28.0(3) 22.0(5) 11.0(9) 7(1)
γ (s−1) 0.75(2) 0.79(1) 1.12(1) 1.43(3) 2.8(2) 4.5(7)
3.3.3 Cooling with a resistor in liquid nitrogen
We have shown that damping the resonator via C2 is consistent with the
two-bath picture (Figure 3.8). Furthermore, a colder bath should be able
29
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Figure 3.11: Ring-down-type measurement of damping rates. a, measurement
circuits. b, a typical measurement. The oscillations are recorded in time, and the
envelope is fitted with an exponential decay A exp(−γt), where γ is the damping
rate.
to reduce the effective temperature of the mechanical resonance. Here we
cool the resistors (Zx) with liquid nitrogen (LN) to create a bath at a lower
temperature (∼ 77 K). We perform the same noise measurements as those
in the previous section, for three values of Zx (Zx ≈ 75 kΩ, 150 kΩ, 1 MΩ).
The resistors are directly immersed in LN in an electrically shielded
styrofoam box, sitting next to the electric circuits. To check that the resis-
tors are thermalised at LN temperature and they are indeed electrically
colder, we first perform noise measurements of the resistors in LN to es-
timate their noise temperatures. The cold resistor is measured using the
same circuitry as for the crystal (replacing the crystal with the cold resis-
tor). The noise spectrum is modelled by
〈V2tot〉 = Gtot
(
〈I2x〉+ 〈I2L〉+ 〈I2A〉
) ∣∣∣∣ ZxZLZx + ZL
∣∣∣∣2 + Btot (3.12)
where
〈I2x〉 = 4kBTx<
[
1
Z∗x
]
(3.13)
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Figure 3.12: Fitting the noise of resistors in LN. The noise data of different resis-
tors in LN are shown in different colours. They are fitted with the model in Eq.
3.12.
Table 3.2: Fitted parameters of resistors in LN
Rx = 75 kΩ Rx = 150 kΩ Rx = 1 MΩ
Cx (pF) −1(7) 10(2) 3.2(9)
Tx (K) 78.2(7) 80(1) 68(5)
with Tx the noise temperature of the resistor, ideally at LN temperature.
Again the spectra are measured with various ZL (Figure 3.12). We fit the
temperature Tx and a parasitic capacitance Cx in parallel with the known
resistor Rx,
Zx = Rx
∥∥∥ 1
iωCx
=
Rx
iωRxCx + 1
(3.14)
As summarised in Table 3.2, the fitted noise temperatures are consistent
with the LN temperature.
When such a cold resistor is connected to C2 of the crystal (see Figure
3.8), we expect to cool the mechanical mode according to the two-bath
picture: the cold resistor provides a second bath at Tx ≈ 77 K. Therefore
we expect the mode temperature Tm of the resulting spectrum satisfies (Eq.
2.15)
Tm =
γ0T0 + δγTx
γ0 + δγ
=
γ0T0 + (γ− γ0)Tx
γ
(3.15)
where γ0 denotes the original damping rate (Zx = 0, γ0 ≈ 0.75 s−1 from
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Figure 3.13: Comparisons of damping and cooling by resistors. We show only
two values of ZL for clarity: 47 MΩ and 47 MΩ + 47 pF. But the fitting is per-
formed on all five values (Figure 3.7). We can compare the different damping and
cooling effect by Zx: a, 75 kΩ; b, 150 kΩ; c, 1 MΩ.
Section 3.3.1), and γ is the total damping rate of the cooled crystal. In
Table 3.3, we summarise the fitted model and compare the fitted Tm with
what we expect from the two-bath picture (Eq. 3.15, taking Tx ≈ 77 K).
First of all, Tm is indeed reduced, confirming that the Brownian motion of
the mechanical mode is reduced. It is also worth noting that with 1 MΩ
cold resistor, the final mode temperature Tm is much lower (∼ 136 K) com-
pared to the other cases, showing the importance of the coupling strength
(damping) to the cold bath, for cooling a mode. Furthermore, the resulting
mode temperatures are indeed close to what we expect, but not precisely.
It is not too surprising: in addition to the uncertainty sources in the fitting,
these measurements also suffer from the boiling of LN – also a source of
electrical noise. Without pursuing a precise comparison, here we empha-
sise that the demonstrated resistive cooling of the mechanical resonance
can be qualitatively understood in the two-bath picture.
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Table 3.3: Fitted crystal model with various Zx in LN
Rx = 75 kΩ Rx = 150 kΩ Rx = 1 MΩ
Lm (×105 H) 1.11(1) 1.13(8) 1.16(4)
Rm (kΩ) 246(2) 335(5) 922(22)
Cm (fF) 2.28(2) 2.2(2) 2.18(7)
C1 (pF) 8.70(9) 8.6(2) 9.06(3)
Qm (×103) 28.3(4) 21(2) 7.9(3)
γ (s−1) 1.11(2) 1.5(1) 4.0(2)
Tm (K) 223(2) 218(8) 136(4)
Tm (K), expected 221 184 117
3.3.4 Artificial cold resistor and its noise measurement
We proceed to replace the real cold resistor with an ACR. First, we estimate
the optimal ACR value to cool the 10 kHz crystal resonance, following
Section 2.2.2. Recall the electric model of the modified resonance (Figure
3.8). Here we assume Zx = Reff and Tx = Teff for the ACR. We have the
damping rates
γ0 =
Rm
2Lm
, δγ =
1
2Lm
<
[
Reff
iωReffC2 + 1
]
≈ Reff
2Lm
(3.16)
where ω ≈ 2pi · 104 rad/s. For simplicity, we have assumed Reff . 2 MΩ
for the approximation to hold. We have the mode temperature
Tm =
RmT0 + ReffTeff
Rm + Reff
(3.17)
and the optimal Reff to cool our crystal (Eq. 2.38)
Reff,opt ≈
√
R2m +
〈V2n 〉
〈I2n〉
+
4kBT0Rm
〈I2n〉
− Rm ≈ 2.3 MΩ (3.18)
taking Rm ≈ 160 kΩ and 〈I2n〉 ≈ 1.7× 10−27 A2/Hz from the fitting (Sec-
tion 3.3.1), and 〈V2n 〉 ≈ 5× 10−17 V2/Hz from the specification of the am-
plifier [19]. Although the result of 2.3 MΩmeans the approximation in Eq.
3.16 does not hold, we can estimate that the real Reff,opt should be a factor
of 2 larger, ∼ 5 MΩ.
However, this idealised estimation is practically difficult. In this exper-
iment, we use a single MOSFET op-amp (LMP7721), which is expected to
have an open-loop gain about 2000 at 10 kHz. To have Reff ∼ 5 MΩ, we
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Figure 3.14: Circuits to build an artificial cold resistor. Cg & 1 µF, to block
the DC voltage. An example to have ∼ 109 Ω feedback resistance: R1 = 1 MΩ,
R2 = 100 kΩ, and R3 = 100 Ω.
need a feedback resistor R ≈ GReff about 1010 Ω, which is not very practi-
cal. Furthermore, G has a phase delay. Reff is not only determined by the
feedback resistance but also the reactance.
As a first demonstration, we aim at a feedback resistor in the order of
109 Ω, using a common scheme (Figure 3.14). We estimate Reff at 10 kHz
using basic electronics. We take the gain G ≈ −2000i from the specifi-
cation (90◦ phase delay). Again we have the relation V2 = −GV0. We
ignore Cg = 1 µF for simplicity, as its impedance is very small at 10 kHz.
Kirchhoff’s current law at the node V1 gives
V0 −V1
R1
− V1
R3
+
V2 −V1
R2
= 0
⇒ V1 = R3(R2 − GR1)R1R2 + R2R3 + R3R1 V0 (3.19)
We also assume the input current to the op-amp is negligible. Therefore
the overall feedback impedance Z f is given by
Z f =
V0 −V2
Ii
=
(1+ G)V0
(V0 −V1)/R1 =
(1+ G)(R1R2 + R2R3 + R3R1)
R2 + (1+ G)R3
(3.20)
We see that for G → ∞, Z f is dominated by R1R2/R3. For example, R1 =
1 MΩ, R2 = 100 kΩ, and R3 = 100 Ω give Z f ≈ 109 Ω. We will keep
exploring this example.
The effective impedance of the ACR is the input impedance of the cir-
cuit:
Zeff =
V0
Ii
=
Z f
1+ G
=
R1R2 + R2R3 + R3R1
R2 + (1+ G)R3
(3.21)
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Note that here we have generalised the feedback resistor to a complex
impedance as the gain is almost purely imaginary. The effective resistance
of the ACR, Reff = <[Zeff], can be estimated as
Reff ≈ R1 + R3 + R1R3/R2
1+ |G|2 (R3/R2)2
(3.22)
To have a large Reff, we need to keep R3/R2 small. The above example
predicts Reff ≈ 200 kΩ. A preciser calculation, taking into account Cg,
gives Reff ≈ 150 kΩ.
The effective temperature Teff (Eq. 2.33), with the generalised feedback
Z f , is given by
Teff =
4kB<[Z f ] + 〈V2n 〉 |G|2 + 〈I2n〉
∣∣Z f ∣∣2
4kB<[Z f (1+ G)∗] (3.23)
The calculation for the above example gives Teff ≈ 50 K.
However, the precise open-loop gain of a single op-amp is not easily
known. To have a reliable estimation of the properties of the ACR (ef-
fective resistance, reactance, and temperature), we use our measurement
circuit to directly measure the noise of the ACR (same as that for the resis-
tors in LN). Again by varying ZL we can fit a complex impedance of the
ACR Zeff and a noise temperature Teff. Similar to Eq. 3.12, we have
〈V2tot〉 = Gtot
(
4kBTeff<
[
1
Z∗eff
]
+ 〈I2L〉+ 〈I2A〉
) ∣∣∣∣ ZeffZLZeff + ZL
∣∣∣∣2 + Btot (3.24)
We have tested a construction similar to the example explored above:
R1 = 1.15 MΩ, R2 = 100 kΩ, and R3 = 100 Ω (ACR #1, Figure 3.15). The
fit gives Reff = <[Zeff] ≈ 141 kΩ and Teff ≈ 47 K (see Table 3.4), consistent
with what we have estimated.
One will naturally try to increase Reff by increasing R1 and R2. How-
ever, a second design trying to increase Reff fails to agree well with the
calculations using Eq. 3.22. We increase R1 to 1.8 MΩ and R2 to 220 kΩ
(ACR #2). Eq. 3.22 predicts Reff ≈ 1 MΩ and Teff ≈ 66 K. However, the
measured noise suggests a much lower Reff and a much lower Teff (see
Table 3.4).
This suggests that the real ACRs are much more complicated than the
basic circuit model. The single op-amp design with an uncontrollable (and
possibly unknown) open-loop gain is not the ultimate solution. Construct-
ing a real (no phase delay) and controlled gain using op-amps with feed-
back may be preferred and may ease the design of the ACRs. However,
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Figure 3.15: Fitting the noise of the artificial cold resistor. We show the data of
ACR #1. They are fitted using Eq. 3.24.
Table 3.4: Fitted parameters of ACRs from noise measurements
ACR #1 ACR #2
R1 = 1.15 MΩ, R1 = 1.8 MΩ,
R2 = 100 kΩ R2 = 220 kΩ
<[Zeff] (kΩ) 140.6(8) 134(2)
=[Zeff] (Ω) 1.1(1)× 104 −9(4)× 103
Teff (K) 46.8(5) 33(1)
improving the electronic design is beyond the scope of this thesis. As a
proof-of-principle demonstration, we will use these ACRs to cool the me-
chanical resonance of the crystal.
3.3.5 Cooling with an artificial cold resistor
Finally, we demonstrate that such ACRs can cool the mechanical resonance
of the crystal as well as real cold resistors. The ACR is connected to C2 as
Zx. Fitting the noise spectra of the crystal suggests that the mode temper-
ature is considerably reduced (see Figure 3.16 and Table 3.5). We can also
estimate Reff and Teff of the ACR from the resonance, to compare with the
noise measurements in the previous section. Rewriting Eq. 3.15, we have
the temperature of the cold bath, in the two-bath picture
Tx =
γTm − γ0T0
γ− γ0 (3.25)
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Figure 3.16: Noise spectra of the mechanical mode cooled by ACRs. Again we
only show the spectra with ZL = 47 MΩ and ZL = 47 MΩ+ 47 pF for clarity. The
spectra with the ACRs connected are compared with the original resonance (C1
shorted). The damping rates and mode temperatures are summarised in Table
3.5.
This should be the noise temperature Teff of the ACR. For the Reff , since
we expect a linear relation between the resistance of Zx and the damping
rate (Section 3.3.2), we can use the electric model depicted in Figure 3.8.
The fitted crystal impedance Zm (damped by the ACR) is the sum of Z0m
(undamped, with Zx = 0) and Zx‖(iωC2). And
Rm = R0m +<
[
Zx
∥∥∥ 1
iωC2
]
= R0m +
<[Zx]
1+ω2C22 |Zx|2
≈ R0m + Reff (3.26)
where R0m ≈ 164 kΩ is the fitted resistance of the undamped resonance,
and we know that Reff = <[Zx] of our ACR is small enough for the ap-
proximation to hold.
The estimated Teff from the resonance is consistent with the noise mea-
surements, while the Reff estimated in this way is smaller than that mea-
sured via the noise, but they qualitatively agree with each other (compare
Table 3.5 with Table 3.4). In other words, the ACR seen by the crystal mode
is consistent with what we have estimated from the direct noise measure-
ment of the ACR. Note that the overall cooling is moderate (∼ 191 K and
∼ 166 K) due to the low resistance (low damping) of the ACR. It is there-
fore most desired to increase the resistance of the ACR to improve the
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Table 3.5: Fitted crystal model cooled by artificial cold resistors
ACR #1 ACR #2
Lm (×105 H) 1.08(1) 1.065(6)
Rm (kΩ) 271(4) 292(5)
Cm (fF) 2.35(3) 2.38(1)
C1 (pF) 9.55(8) 9.2(2)
Tm (K) 191(4) 166(3)
Qm (×103) 25.0(5) 22.9(4)
γ (s−1) 1.26(3) 1.37(3)
Reff (kΩ), estimated 107 128
Teff (K), estimated 45 16
cooling effect. Finally, although a detailed understanding of the ACRs is
still missing and beyond the scope of this thesis, we can conclude that the
ACR cools the mechanical mode of the crystal, which can also be qualita-
tively understood in the two-bath picture.
3.3.6 Summary
In this demonstrative experiment, we have tried to answer two questions:
1) Can a cold resistor cool a mechanical mode? 2) Is an ACR really cold,
in the sense of being able to cool a mechanical mode? Here we briefly
recapture some key results in answering these questions.
In the noise measurement with C2 shorted, we have estimated the nat-
ural damping rate γ0 ≈ 0.75 s−1 from the fit (Table 3.1). We have shown
that we can linearly introduce an extra damping with a resistor connected
to C2 (Section 3.3.2). Furthermore, when this resistor is cooled in LN, the
mode temperature Tm is reduced, in consistence with that predicted by the
two-bath picture:
Tm =
γ0T0 + δγTx
γ0 + δγ
where T0 ≈ 290 K, Tx ≈ 77 K, and δγ = γ− γ0 determined from the total
damping γ of the resulting spectrum. These measurements confirm that
the two-bath picture is qualitatively correct.
On the other hand, we have put ACRs into practice. Take ACR#1 as
an example. The noise measurement of the ACR suggests effective values
of Reff ≈ 141 kΩ and Teff ≈ 47 K (Section 3.3.4). With this ACR we can
indeed cool the crystal resonance to a mode temperature of Tm ≈ 191 K,
with a total damping rate γ ≈ 1.26 s−1 (Table 3.5). It is instructive to
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compare them with what we expect from the two-bath picture. Based on
the fitted damping γ, and Teff from the noise measurement, the expected
mode temperature T˜m is
T˜m =
γ0T0 + (γ− γ0)Teff
γ
≈ 192 K (3.27)
in consistence with Tm ≈ 191 K fitted from the measured spectra. The
expected damping γ˜ is, according to the linearity in the electric model
(Figure 3.8),
γ˜ ≈ γ0 · R
0
m + Reff
R0m
≈ 1.39 s−1 (3.28)
where R0m ≈ 164 kΩ is the resistance of the undamped crystal model.
Compared to γ ≈ 1.26 s−1 from the measurement, it is larger but in qual-
itative consistence. The results of ACR#2 also qualitatively match the ex-
pectations. Therefore, these comparisons suggest that the cooling by an
ACR can also be understood in the two-bath picture.
In summary, we have demonstrated the resistive cooling of a quartz
resonance (mechanical resonance) by an ACR. The ACR is electrically cold,
and cools the mechanical mode in the same way as a real cold resistor.
The cooling mechanism can be qualitatively understood in the simple two-
bath picture. Therefore it is promising to realise such resistive cooling by
an ACR in other electro-mechanical systems. In the next chapter, we will
explore the feasibility of this approach with an optomechanical trampoline
resonator.
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Chapter4
Prospects on the resistive cooling
of an optomechanical resonator
4.1 Introduction to the trampoline resonator
Optomechanical trampoline resonators (OTR) have shown great poten-
tials in cavity optomechanics because of their high optical quality and
mechanical quality [20]. The parameters of such resonators are suitable
for experiments on the test of quantum decoherence mechanisms [21], but
technical limitations of the cavity quality and mechanical quality factor
focus the current efforts on the preparation of quantum ground state –
ground-state cooling. Experimentally, the OTRs have been cooled from
room temperature to below 1 K using optomechanical side-band cooling
[22].
As sketched in Figure 4.1, the mirror is a multi-layer dielectric Bragg
mirror with diameter of tens of micrometres. The high reflectivity (22 ppm
transmission loss at 1064 nm) allows a cavity Finesse up to 1× 105 in ex-
periments. The mirror is supported by patterned silicon nitride (Si3N4)
legs, with a fundamental vibrational mode of 10 – 300 kHz (depending on
geometry and material). The mode mass of the resonance is up to hun-
dreds of nanograms (10−10 kg), relatively massive in optomechanical sys-
tems pursuing quantum ground state.
4.2 From vibration isolation to capacitive coupling
There are practical problems preventing cooling the resonator further via
optomechanical cooling. Spurious mechanical modes near the mode of the
41
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Figure 4.1: Structure and fabrication of trampoline resonators. Blue and pink
layers represent the SiO2/Ta2O5 dielectric mirror, green the deposited Si3N4, and
grey the silicon substrate. Figure from [20].
m 
m 
 
 
a b
1 mm
Figure 4.2: The nested trampoline resonator. a, photograph of a typical sam-
ple. Photo courtesy: Matthew Weaver. b, the mechanical model of the nested
resonator – a two-mass two-spring system.
resonator make the verification of further cooling difficult. In other words,
they reduce the signal-to-noise ratio. The origin of these modes is unclear,
but they are likely to be on the chip. An on-chip vibration isolation seems
to be the most effective resolution to the problem.
The nested trampoline resonator [23] resembles a two-mass two-spring
system, which is widely used for vibration isolation (Figure 4.2). The
outer-resonator – a massive platform that holds the inner-resonator (the
optomechanical resonator under study) – resonates at a much lower fre-
quency (e.g., 500 Hz – 2 kHz), and it acts as a low-pass filter that reduces
the response to driving forces at frequencies higher than its own reso-
nance. Ideally, such design should be able to remove the spurious me-
chanical modes in the spectrum of the inner resonator, and preliminary
results show that this is indeed the case.
However, such a nested OTR has drawbacks. The Brownian motion
of the outer-resonator can be larger than that of the inner-resonator (see
Eq. 2.7) due to the low resonance frequency. In essence, we are trying
to optically cool the Brownian motion of the inner-resonator (picometres)
sitting on a platform that can move by tens of picometres. More crucially,
although the outer-resonator protects the inner-resonator from high fre-
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quency mechanical vibrations, itself is easily excited by low frequency
noise, which is usually abundant in experiments. Therefore, the actual
vibration of the outer-resonator can be even larger than its thermal mo-
tion.
Ideally this issue is solved by using locking techniques (e.g., the Pound-
Drever-Hall (PDH) technique [24]) on the slow motion of the outer-resonator
to remove it from the dynamics of our system of interest. It is practical be-
cause the kHz motion is slow compared to either the speed of feedback
electronics, or the decay time of the cavity. But technically, the large mo-
tion makes it still challenging for our current locking system. It is therefore
desirable to reduce the motion of the outer-resonator, by either damping
its response to external vibrations, or reducing the thermal noise (cooling
the mode temperature), depending on which source is dominant.
However, we need an additional handle to control the motion of the
outer-resonator. Cooling the experiment in a cryostat will certainly reduce
the thermal noise, but in case of excessive external vibration or bad ther-
malisation, the result is not optimal.
A solution would be to introduce some electrical coupling. Suppose
that the outer-resonator has a flat metallic surface, and another metal plate
is in parallel with this surface. We get a parallel-plate capacitor with one
movable plate – in direct analogy with the capacitively coupled electro-
mechanical transducer explained in Section 2.1.4. It can be realised by an
additional step of metal deposition in the fabrication of the nested OTR,
in combination with an external metal-coated wafer. In this way, we have
an electrical access to control the mechanical motion of the outer-resonator
in the two-bath picture (recall Figure 2.1), i.e., we can either cool or damp
the outer-resonator. As explained in the previous chapter, a cold resistor
can cool and damp the mechanical resonance at the same time. If the extra
damping to the cold bath of the resistor is sufficiently large, the vibration
of the outer-resonator would be suppressed to relieve the difficulties in the
locking scheme and we would eventually benefit from the on-chip vibra-
tion isolation of the nested OTR.
A cryogenically cold resistor can cool the resonator while the exper-
iment is at room temperature (like in [10], or in Section 3.3.3). A low-
temperature experiment in a cryostat can also benefit from this coupling.
The resistor can be well thermalised and cold in the cryostat, therefore,
damping the outer-resonator by this resistor provides a better thermalisa-
tion of the outer-resonator to the cryostat. The extra damping is always
desired to suppress the excitation by external vibrations.
But here we focus on a simpler idea. We have shown that the cold
resistor only has to be electrically “cold”. if such a cold resistor can be
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realised by an ACR, similar to what we have tested (Section 3.3.5), the ex-
perimental requirements for the “control loop” of the outer-resonator can
be significantly lowered. We will discuss the possibility of this resistive
cooling.
4.3 Feasibility of electrical resistive cooling
Despite the simplicity of the idea, the transduction between mechanics
and electronics via the electrostatic forces on a capacitor is extremely weak,
especially when the capacitor plate is at micrometre scale. In other words,
it is difficult (if not impossible) to have sufficiently large extra damping to
the cold bath. In this section, we estimate the damping of the mechanical
resonance of the outer-resonator originating from the capacitive coupling
to a resistor, and discuss the feasibility to cool the mechanical motion with
an ACR.
We focus on the resonance of the outer-resonator. Realistic estimations
based on preliminary experimental results gives the resonance frequency
ω1 ≈ 2pi × 103 rad/s, mode mass m1 ≈ 1× 10−6 kg, and quality factor
Qm & 1× 105. We take the natural damping rate γ = ω1/2Qm ≈ 0.3 s−1.
We will load the capacitor with a resistor R, in the same way as in Figure
2.3. Therefore we directly apply the results in Section 2.1.4 to get the extra
damping (Eq. 2.23) of the mechanical resonator
δγ =
V20 C
′2R
m1(1+ω21C
2
0R2)
(4.1)
where we have assumed the load R is a pure resistor for simplicity. We still
have to determine the capacitance of the parallel-plate capacitor C0, and
its derivative with respect to the displacement x (with x0 the equilibrium
spacing between the plates), C′ ≈ −C0/x0 to the lowest order. A typi-
cal outer-resonator can have an metallic surface area A ≈ 6.6× 10−7 m2.
Suppose that it is practical to have x0 ≈ 10 µm. We have
C0 ≈ e0Ax0 ≈ 0.58 pF, C
′ ≈ −5.8× 10−8 F/m (4.2)
Note that the capacitance is extremely small. In practice, there is a sig-
nificant parasitic capacitance Cp adding to C0. For example, if we use a
coaxial cable to connect the capacitor and the resistor, we have at least 50
pF/m capacitance. But this static capacitance will not affect C′. Taking
now Cp ≈ 50 pF, we can still approximate the denominator of Eq. 4.1,
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1 + ω21(C0 + Cp)
2R2 ≈ 1 if R . 1 MΩ. This is reasonable as we have
seen that it is difficult to realise an ACR with high value, though desir-
able. With this approximation, we see that the extra damping is practi-
cally determined by V0, as there isn’t much freedom to increase C′ and
R. To have a considerable damping and cooling effect, we need at least
δγ > γ ≈ 0.3 s−1. Consider optimistically an ACR with R ≈ 1 MΩ. We
need
V0 >
m1γ
C′2R
≈ 90 V (4.3)
In fact, we want δγ as large as possible. We can either increase V0 (it is safe
as the experiment is in vacuum) or decrease x0 to increase C′. Note that we
have estimated 10 µm to be the equilibrium spacing, now under a voltage
V0 ≈ 102 V. Recall the first term in Eq. 2.19, V20 C′/2, should be balanced
by the elastic force due to a static displacement ∆x0 ≡ x0− x˜0, where x˜0 is
the initial spacing.
1
2
V20 C
′ −m1ω21∆x0 = 0 ⇒ ∆x0 =
V20 C
′
2m1ω21
≈ −7 µm (4.4)
This is a very rough estimation, but we see that we should expect mi-
crometres of static displacement. Therefore if the initial spacing x˜0 can be
limited to 10 µm, the equilibrium spacing x0 can be significantly reduced.
On the other hand, if we further increase V0, the x0 can dramatically de-
crease, and δγ can be considerably larger. However, the parasitic capaci-
tance Cp can be a bottleneck. If metres of cable is needed and hundreds of
pF capacitance is introduced, δγ will also be significantly reduced.
Overall, it might be possible to have δγ ∼ 1 s−1 or higher. Consider
an ACR with effective temperature Teff ≈ 20 K. We can cool the mode
temperature of the outer-resonator to
Tm =
γT0 + δγTeff
γ+ δγ
≈ 85 K (4.5)
which means a reduction of the Brownian motion by a factor of 2. Fur-
ther increase of δγ, say by a factor of 2, will reduce Tm to 56 K. The extra
damping is always helpful in reducing the excitation by the environmental
noise.
Improvements can also rely on the fabrication of the nested OTR. The
natural damping rate, or quality factor, is strongly affected by the mate-
rial and all kinds of fabrication imperfections [25]. For the same process,
the results can deviate by orders of magnitude. If the mechanical quality
factor can be improved, the coupling between the mechanical mode and
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the thermal environment would be weaker, and it would be much easier
to cool the mode. For example, if the quality factor can be improved by a
factor of 2 (i.e., ∼ 2× 105), the mode temperature would be Tm ≈ 60 K,
given that all other parameters are kept similar. Note that here we only
concern the thermal noise. Regarding the external vibrational noise, the
response of the system is relevant. High quality factor means that the
system is easily driven by the noise near the resonant frequency, which
is undesired. However, from our estimation we know that it is impracti-
cal to have significant extra damping to a cold bath if the quality factor is
low – the system couples too strongly to the thermal environment. The
resistive cooling discussed above is limited to a high-Q outer-resonator,
and that the thermal motion is the most critical noise (the excitation by
external vibration is taken care of by other damping mechanism). After
all, if the noise is dominated by external vibration (equivalently, the mode
temperature is much higher than room temperature), it might be more ef-
fective simply to strongly damp the resonator by degrading the quality
factor (thermalise it at room temperature).
4.4 Electric feedback control of motion
With the capacitive coupling, it would also be straightforward to apply the
conventional cold damping – in this case, the feedback is via the electro-
static force between the capacitor plates. Schematically, the motion of the
outer-resonator x is measured, and the velocity x˙ is fed back to the plate
as a force. This provides a dissipation, and the feedback gain gives the
strength of the dissipation – as a resistor. The noise in the measurement of
x and the noise in the feedback loop decides the “effective temperature”
of the “resistor”. The advantage of the cold-damping technique is that
the optical measurement of the motion is effectively noise-free compared
to the Brownian motion. The feedback gain can also be very large with-
out introducing detrimental noise. Therefore, the mechanical resonator
can be strongly coupled to a cold bath of nearly zero temperature. A
hundred-fold reduction in the effective temperature of an electrometer
was achieved 60 years ago [5]!
For the nested OTR, we already have a very sensitive optical measure-
ment of the mirror motion via the high-finesse cavity. The slow oscillation
of the outer-resonator is also present in the motion of the inner-resonator
that directly modifies the cavity. The outer-resonator motion can be ex-
tracted from the error signal of some locking scheme that locks the laser to
the cavity resonance (e.g., the PDH technique). Then the error signal can
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be filtered, differentiated, and amplified to feedback to the outer-resonator
(capacitor plate) to realise the cold damping. The temperature of the cold
bath (though extremely low) will be limited by the noise of the amplifiers
in the feedback electronics, and by the instabilities in the optical setup
(noise in the measurement).
4.5 Summary
In this chapter, we have discussed the prospects of combining capacitive
electro-mechanical coupling with the nested trampoline resonator. The
mechanical mode of the outer-resonator can couple to a bath of a cold
resistor. An extra damping rate larger than the natural damping rate can
be achieved with the current sample. The cold resistor can by realised by
an ACR, and the mode temperature can be reduced by a factor of 3 ∼
4. In case where external vibrational noise is more prominent (the mode
temperature is much higher than the room temperature), the cooling effect
by the ACR can be more significant.
This electrical access is also helpful for a low-temperature experiment
in a cryostat. The mode temperature of the outer-resonator can be better
thermalised to the cryostat via the coupled resistor, which is easily well
thermalised.
Finally, the classical cold-damping method with optical measurement
of the motion is expected to give the best cooling effect. The high sensi-
tivity of the optical measurement makes the bath temperature extremely
low. Although the feedback loop is more complicated, it can be estab-
lished with commercial electronics, and it is still much simpler than other
methods, such as the optical cold-damping [6, 7].
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Conclusion
Cooling a mechanical resonator close to its quantum ground state is cru-
cial to the experiments studying the quantumness of mechanical motion,
macroscopic superposition, and quantum-to-classical crossover. Many tech-
niques have been explored to achieve this goal, such as cold-damping and
optomechanical cooling. In addition, resistive cooling with artificial cold
resistors (ACRs) can be a helpful tool and it is attractive due to its simplic-
ity. In this thesis, we have studied the feasibility to apply resistive cooling
to an optomechanical system.
Resistive cooling of a mechanical resonator has been demonstrated 40
years ago. Nonetheless, we started with a demonstration in a simple but
special system: cooling the mechanical resonance of a quartz crystal. The
quartz crystal has two sets of electrodes which couple to the mechanical
mode separately, allowing us to electrically modify and measure the res-
onance. We have shown that loading the crystal with a resistor can in-
troduce extra damping of the mechanical resonance, and a cold resistor
(cooled by liquid nitrogen) can even reduce the effective temperature of
the mode. This could be qualitatively understood in a basic two-bath pic-
ture, in which the resistor brings the mechanical mode in “thermal con-
tact” with an electrically cold bath. On the other hand, we have made an
ACR with integrated circuits. We have measured the noise of such ACRs,
confirming that the noise temperature is indeed low (∼ 30 K). We finally
showed that connecting an ACR to the crystal could indeed reduce the
mode temperature of the resonance, in the same way as a real cold resistor
did. The resistance and the noise temperature of the ACR deduced from
the cooled resonance according to the two-bath picture roughly agreed
with those estimated from the noise measurement of the ACR.
Although the ACR proved to work, there are discrepancies between the
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design and the measurement, in the values of resistance, reactance, and
noise temperature. The problem is likely the uncontrollable and phase-
delayed open-loop gain of the amplifier. The circuit needs to be improved
in order to better design and make ACRs with desired parameters.
we have also discussed the feasibility to apply such resistive cooling
to an optomechanical system. Specifically, we considered combining the
nested trampoline resonator with capacitive electro-mechanical coupling,
in order to reduce the Brownian motion of the outer-resonator. This scheme
is in direct analogy with what we have demonstrated with the quartz crys-
tal, and it would be possible to damp and cool the outer-resonator by a
factor of 3 ∼ 4. Furthermore, this electrical access to control the motion of
the outer-resonator is interesting in many aspects. For example, it would
be beneficial for thermalising the outer-resonator in a low-temperature ex-
periment in a cryostat; and with such coupling, it would be straightfor-
ward to realise the cold-damping technique based on the existing optical
measurement, giving superior damping and cooling effects.
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Complete circuit diagram of the
crystal measurements
See Figure A.1 on the next page.
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Figure A.1: Complete circuit diagram of the crystal measurements
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Fitting and error estimation
B.1 Fitting
We fit the models using least-square regression based on the Nelder-Mead
(N-M) search algorithm (fminsearch in MATLAB, see e.g., [26]). We will
discuss the fit for featureless background noise and the fit for the reso-
nance spectra separately.
The noise spectra of ZL, resistors in LN, and the ACR (model from Eq.
3.10, Eq. 3.12, and Eq. 3.24, respectively) are expected to be flat within the
bandwidth of interest (10 kHz± 10 Hz). Therefore we take the average
of the measured spectrum as an estimation of the PSD at 10 kHz. For
each measurement with certain ZL value, we obtain one data point for
the fitting (see Figure 3.6, 3.12, and 3.15). The N-M algorithm tunes the
fitting parameters iteratively, searching for the minimum of the sum of the
variances.
The noise spectra of the crystal within a bandwidth of roughly 12 Hz
(10002 ± 6 Hz) is directly fitted on a logarithmic scale (decibel of PSD)
without special weighting. We always take five values of ZL: ZL = 47 MΩ,
47 MΩ+ 47 pF, 47 MΩ+ 100 pF, 1 MΩ, and 1 MΩ+ 47 pF (see Figure 3.7).
The target of minimisation is the sum of the variances of the five spectra
(five ZL values).
B.2 Uncertainties
The N-M algorithm is a derivative-free optimisation algorithm, which can
not directly provide information about the uncertainties of the fitting pa-
rameters. We implement two methods to estimate the uncertainties: boot-
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Figure B.1: Histograms of the fitted parameters of the crystal model using boot-
strapping. This is an example, from the spectra where C2 is shorted (Figure 3.7).
Red curves are the fits to normal distributions. The standard deviations of these
distributions give estimations of the fitting error.
strapping by resampling the spectral data, and fitting part of the dataset
(N − 1 out of N different ZL values). In most cases, the latter gives larger
uncertainties as it partly reveals the systematic deviations in the experi-
ments, while the former only characterises the fitting. The reported uncer-
tainties in Chapter 3 are the greater ones between the estimations from the
two methods.
Bootstrapping
To have an estimation of the statistical error of the fitted parameters, we
use the resampling and bootstrapping method. 80% of the data from each
spectrum are randomly selected (resampled) as a new input for the fitting,
and we obtain a new set of fitted parameters. This procedure is repeated
for 1000 times – we obtain 1000 sets of fitted parameters. We then look at
the statistics of each parameter (e.g., Tm). A robust fitting procedure will
expect a normal distribution for each fitted parameter, and the standard
deviation gives an estimation of the error of the fitting.
For the featureless noise spectra, resampling means we recalculate the
average of the selected 80% data of each ZL value as the new input for
the fitting. While for the resonance spectra, we take 80% data from each
spectrum. Note that we still use all the measurements with different ZL
values (in contrast to the other method). We show an example of the boot-
strapping results in Figure B.1, where the histograms of each fitting pa-
rameter are compared with the fitted normal distributions. We note that
in rare cases, the distributions deviate from normal distributions (data not
shown). We still take the standard deviation of the sample as an estimation
of the uncertainty.
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Fitting N − 1 out of N spectra
In the bootstrapping method we still fit all the measurements with differ-
ent ZL values. Since these measurements have different settings, there can
be systematic deviations. The fitting procedure, in search of the minimum
of the total variances, is trying to reconcile the systematic error. Hence the
bootstrapping method will not reveal such errors. Instead, if we remove
one measurement with certain ZL value, fitting the rest can give results
will larger differences. Therefore we randomly remove one dataset with
specific ZL and obtain a new set of fitted parameters from the rest spectra.
Although for the crystal spectra, this means removing 1 out of 5 spec-
tra, and we can only collect 5 sets of parameters. However, we can still
gain information about the systematic error, compared to the bootstrap-
ping method. We again take the standard deviation of each fitted param-
eter as the uncertainty. Compared to those from the bootstrapping, the
uncertainties estimated from this method is generally larger, agree with
our expectation that the systematic deviations are more critical.
The results of the error estimation from the two methods are compared
in Figure B.2.
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Figure B.2: Summary of the parameter uncertainties estimated by two methods.
The five fitted parameters (Lm, Rm, Cm, C1, and Tm) are compared in separate
panels. Results from all eleven noise measurements reported in Chapter 3 are
plotted. Relative standard deviations are shown as the uncertainties.
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